This work presents a new substrate platform, which provides tunability of the group velocity and spontaneous emission of a dipolar scatterer graphene-ferroelectric slab hybrid system in the terahertz ranges. We use analytical models to determine the hybridization of graphene surface plasmon and ferroelectric LiNbO 3 type I and type II reststrahlen hyperbolic phonon-polariton. The variation of the chemical potential of graphene and the thickness of the ferroelectric layer results in several distinct features. Flipping the group velocity, strongly coupled hybrid hyperbolic surface plasmon-polaritons, and surface plasmon-polariton mode exists for the same momentum at different frequencies. The group velocity sign reversal for both a single-graphene-and doublegraphene-integrated system depends on the thickness of the hyperbolic layer and the chemical potential of graphene. Comparative analysis of Purcell radiation is presented for a quantum emitter positioned at different locations between ferroelectric and graphene-integrated ferroelectric layers, revealing that this system can support strong spontaneous emission that can be modulated with the graphene chemical potential. Changing the chemical potential through selective voltage biasing demonstrates a substantial increase or decrease in the decay rate for spontaneous emission. Further analysis of the emission phenomenon shows a dependence on factors, such as the relative radiating source position and the thickness of the ferroelectric film. These characteristics make graphene-ferroelectric materials promising candidates to modify the light-matter interaction at the low terahertz ranges. 
INTRODUCTION
The discovery of two-dimensional (2D) materials, such as graphene, 1, 2 has drawn immense scientific attention, both experimentally and theoretically for advanced electrical and optoelectronic applications. 3, 4 Light, an external time-varying electric field, can interact with graphene's conduction electrons, causing collective charge oscillations known as surface plasmon-polaritons (SPPs). 5, 6 In graphene, the oscillating surface electrons are extremely well confined with a relatively low level of losses, offering much-better-quality plasmonic properties than traditional noble metals, which primarily operate in the optical spectrum. 7, 8 Conventional metals used for plasmonics, such as Au, Ag, and Al, behave as nearly perfect electrical conductors mainly at longer wavelengths, while around near-infrared wavelengths, they suffer losses. 9 For wavelengths of light above the infrared range, phononic materials, such as SiC and the III nitrides, are widely used since they are capable of supporting both propagating surface phonon-polaritons and localized surface phonon-polaritons in this range. 10 However, these materials are often limited to operation over a very narrow band, typically bounded between the longitudinal and transverse phonon modes; they lack flexibility over the full infrared spectral range. Graphene plasmon resonances, on the other hand, are unbounded by the phonon limits and can be controlled through several mechanisms, such as optimization of geometry, 11 number of layers, 11 mechanical strain, 12 magnetic bias, 13 or dynamic tuning by chemical doping or gate voltage from the infrared to the THz range. 11 With this insight, high-quality heterostructures that support propagating phonon modes or hyperbolic phonon-polaritons (HPPs), especially material comprising graphene, are regarded as having great potential for plasmonic applications. Both theoretical predictions and extensive experimental investigations of graphene plasmons and surface phonon-polaritons are widely available for many mid-IR polar dielectric optical materials, [14] [15] [16] thin III-V group semiconductors, 17 and piezoelectrics. 18 These offer better understanding of hybridization mechanisms that leads to the formation of localized surface plasmon-phonon-polaritons. In addition, materials with type I and type II hyperbolicity of the reststrahlen (RS) bands, which support propagating HPPs, 19 show strong coupling with graphene surface plasmons. For example, hybridization with graphene SPPs and the two RS bands in hexagonal boron nitride (hBN) exhibits low loss, long-lived, and highly confined three-dimensional modes of hybridized HPPs in the mid-infrared. 19, 20 The coupled hybrid modes can be highly confined three-dimensional modes [19] [20] [21] and are highly tunable by gate modulation.
Also, recent success in fabrication of graphene on LiNbO 3 22,23 and other ferroelectric material substrates 24, 25 has drawn considerable attention for several applications: electrically programmable nonvolatile memory, field-effect transistors, 26, 27 thermal-phase transitions, and a number of other THz applications. 28, 29 Studies of graphene plasmon hybridization with LiNbO 3 surface phonon-polaritons lead to waveguide modes with extreme confinement, compared with conventional dielectric materials. 30 Graphene-LiNbO 3 hybrid systems show absorption spectra that depend on the number of graphene layers, 31 planartunable waveguides with ultra-low loss and high attenuation in the THz region. 32 The propagation of transverse magnetic graphene SPPs in the visible to mid-infrared range can be controlled by different polarization levels and the polarization direction of the LiNbO 3 ferroelectric domains. 33 Beside these reports, studies of the interaction of graphene plasmon using hyperbolic material are seldom reported in the low-terahertz regime (<20 THz), since most naturally hyperbolic materials only exhibit this property in the infrared and near the optical frequency range.
In this work, we theoretically demonstrate that combining the optical parameters of graphene and the optical phonon resonance response of a submicron layer of LiNbO 3 introduces several bands with rich features of hybridized surface plasmon-phonon-polariton (HSPP) modes in the rarely explored low-terahertz regime (0-15 THz). The strong hybridization of graphene SPPs and HPPs shows the gate-tunable group velocity sign reversal. Usually, the group velocity reversal has been realized by other mechanisms, such as an external laser source 34 or artificially engineered multilayer 2D metamaterials. 35, 36 However, these methods are limited due to lack of active gate tunability and challenges in fabricating multilayer hyperbolic 2D material devices. As a special case, we conducted detailed analysis of spontaneous emission (SE) rate or Purcell factor 21,37 from a single quantum emitter of the proposed device. The THz emission rate associated with an increase in optical energy density demonstrates dependence on graphene chemical potential and the size of the ferroelectric layer. This is particularly important to couple light efficiently to quantum emitters, and our results reveal a new design of materials operating in extreme regimes of the light-matter interactions. In addition, we propose an active tuning technique for generating efficient sources of single-photon emission. Figure 1 depicts the schematics of three-structure configurations to study HPPs of ferroelectric and SE rates: (a) graphene on the surface of a ferroelectric slab and (b) ferroelectric sandwiched between two graphene layers. The graphene layers are connected in such a way that an external voltage source can be used to modulate its optical properties.
RESULTS AND DISCUSSION
HSPP modes in graphene-LiNbO 3 For the purpose of our investigation of the hybridization of SPPs of graphene HPPs of a ferroelectric, we computed the dispersion of the air/graphene/LiNbO 3 /Si heterostructure, shown in Fig. 1a , using computations outlined in the "Methods" section. As background, one can compare these results to freestanding graphene, which are plotted in Supplementary Fig. 1 and a ferroelectric (LiNbO 3 ) on a substrate, plotted in Supplementary Fig.  2a -e. The dispersion properties are calculated from Eq. (3) for three chemical potentials, μ = 0.1, 0.3, and 0.6 eV and two ferroelectric-layer thicknesses, t = 50 and 200 nm. The results shown in Fig. 2 are compared with those in Supplementary Fig. 2a-e to demonstrate the effects of adding graphene into the system. The first observation is the presence of strong dispersion above the type I, between the two bands, and below the type II energy range of the ferroelectric for both t = 50 and t = 200 nm. These dispersion modes are not purely SPP nor HPP modes but rather a combination effect regarded as HSPP modes. HSPP modes in the region above the upper limit of type I shift toward the light line, as the chemical potential increases, forming weakly confined modes, and follows different from ω / ffiffiffiffi ffi k x p , exhibiting nearly linear dispersion, Fig. 2a , b. Increasing ferroelectric thickness for the same chemical potential, HSPP modes above the type I band region stay the same, further illustrating the graphene-dominated hybridization. The HPP modes inside the type I band, for low chemical potential, the HPP modes are pushed further reaching a flat k x . Increasing the chemical potential for small thickness, the HPP coupling mode inside type I bands disappears. However, most of the HPPs appear for larger ferroelectric thicknesses (t = 200 nm) and lower chemical potential. Their gradual dominant appearance is also noticeable in Supplementary Fig. 2f -j, as the ferroelectric thickness increases. The hyperbolic dominated confining modes can be realized in a ferroelectric-graphene-ferroelectric system 30 ; here the HPPs are exited first. This has also been demonstrated in a hBN-graphene-silicon system. 38 Above the lower limit of the type II band, HPP modes become strongly dependent on the hybridization of graphene SPPs. Near smaller k x the HSPPs have v g > 0; as k x increases, HSPPs cross above the type II band reverse inside the type II energy, v g <0, Fig. 2b , c, f. The change in k x is due to the rise of mismatching momentum between the HPPs and the SPPs at lower frequency for small k x . The shift and sign change of the HSPPs' ν g above the type II bands weakens for large t, even for highly biased graphene, as shown in Fig. 2d -f. The local density of states in and above the type II band significant decreases as μ increases, Fig. 2b , c, e, f. Below the lower limit of the type II region, additional dispersion modes are observed for μ = 0.1 eV at lower k x and frequencies, independent of size of the ferroelectric. These weak nonlinear dispersion curves attain flat values for higher k x . Since none of these modes were observed in the ferroelectric/substrate system, and the graphene SPPs lead to their formation. This is further illustrated by the rise of the chemical potential. A higher chemical potential pushes these modes toward lower k x , merging with the light line for μ = 0.6 eV, as in Fig. 2f .
HSPP modes in graphene-LiNbO 3 -graphene An additional system we considered for the hybridization process of HSPPs was the placement of a surface plasmon source on either side of the ferroelectric LiNbO 3 , the structure shown in Fig. 1b . For μ 1 = μ 2 = 0.1 eV, the hybridized modes both appear outside the two RS bands with longer wavevectors (Fig. 4a, d ). The HPP modes in the type II band are pushed outside of the upper limit for a thin ferroelectric slab, extending into the type I band. When the ferroelectric film thickness increases, the number of HPP modes moves toward the type II band region, as shown in Fig. 3d . To efficiently excite the HSPPs to higher frequency, the chemical potential of the two graphene layers was increased to μ 1 = μ 2 = 0.3 eV and μ 1 = μ 2 = 0.6 eV, as shown in Fig. 3b , c, e, f. The effect of the chemical potential becomes prominent above the type II band. As it increases to 0.3 eV, and for 0.6 eV, the wavevectors are ð Þfor vacuum dispersion. 2D schematics of the structure and the TM incident field polarization direction are shown in g and h. Note that b is the same as the result presented in Supplementary Fig. 2g , e is the same as Supplementary Fig. 2f D.T. Debu et al.
pushed to longer wavelengths, close to the light line, gaining a large positive ν g , see Supplementary Discussion and Supplementary Fig. 2f . For a ferroelectric below 50 nm, the hybrid modes can be dominated by the graphene surface plasmon, Supplementary  Fig. 2f , k, p. For small thickness the dispersion from the hyperbolic band is flat acting like a pure dielectric covering very narrow frequency range. Therefore, the number of available modes to couple with graphene are less, hence tuning effect is actively dominated by graphene. It is important to note that for 0.6 eV, separate weak and strong HSPP modes are obtained, contrary to the case of two-layer graphene separated by a vacuum or dielectric, where the graphene surface plasmon modes merge together at higher energies. 39, 40 However, such claims can be achieved for equal chemical potential with careful inspection of the hyperbolic layer thickness between 50 and 100 nm (see Supplementary Fig. 2) ; this is shown in Fig. 3 for t = 50 nm. Compared with a single-layer graphene system and above the type I band, nonlinear dispersion is exhibited for small t and large μ, as shown in Fig. 4 . In the intermediate condition, graphene-like, nonlinear HSPPs dispersion can exist. This analysis indicates that linear and nonlinear frequency and momentum-dependent excited HSPPs can be controlled through the applied voltage. The size and dielectric function of the hyperbolic material both strongly affect the dispersion modes below the upper limit of the type I region. Unlike single-layer graphene, double-layer graphene systems show strong hybridization effects. This represents a significant advantage over air/graphene/ferroelectric/Si systems, where the hybridization process needs a large chemical potential. The above analysis also shows the possibility to cause mixed modes of the reversible group velocity, as seen in the case of a large gate voltage in Fig. 4b , f and in Supplementary Fig. 2p-t. Next, in order to obtain highly modified HSPP modes, we set the double-graphene hybrid system to dissimilar chemical potentials, Fig. 4a-d . To control the hybridization process in these systems, we focus on tuning the chemical potential of the top graphene while keeping the other fixed. First, we consider a chemical potential μ 1 = 0.1 eV for the graphene at the top of the ferroelectric and μ 2 = 0.6 eV for the bottom graphene layer with a constant thickness, t = 50 nm, Fig. 5a , b. In the region above the type I hyperbolic band there exist two distinct HSPPs dispersion bands because higher chemical potential difference leads to different k x . The first HSPPs curve, close to the light line, comes from the bottom graphene layer while the second curve, with higher momentum, is from the graphene atop the ferroelectric. Increasing the chemical potential of the top graphene layer to μ 1 = 0.3 eV pushes the second dispersion mode closer to the light line, as shown in Fig. 4b . Gate modulation of hybrid modes between two dissimilar graphene layers shows that the formation of symmetric and antisymmetric electric fields for different systems between two graphene sheets separated by a vacuum, 40 inside a dielectric between the two graphene sheets, 41 and in a hyperbolic slab 21 is a result of phase difference. When the two graphene sheets are gated with identical chemical potentials, the dispersion modes merge together as shown in Fig. 4c .
At higher frequencies, through a selective asymmetric chemical potential, it is also possible to obtain single HSPPs, as shown in Fig.  4c, d , for large k x as reported by Kumar and Hanson. 21, 30, 42 In addition, for ferroelectric thickness t = 100 nm, the HSPP modes converge, creating weak momentum coupling. The larger the separation of the two graphene sheets, the weaker the interaction and hence the identical graphene response even with different chemical potentials. The effect of the dispersion for large wave vectors comes from the top graphene as evidenced in Figs 3 and 4 when the chemical potential is 0.3 eV. In the region below the upper limit of the type I hyperbolicity, μ 1 = 0.1 eV for t = 50 and 100 nm, strong HSPP modes are found for high frequencies and low k x and shift to lower frequency as k x increases. The HSPP modes here cross into the type I range for lower k x , and return for larger k x towards the lower limit of the type II band and then stay flat. It is also noticeable that, at lower frequencies, additional surface modes are below the minimum wavenumber of the type II band. These dispersion modes do not cross the lower-frequency range of the type II and stay flat for higher k x when μ 1 = 0.6 eV for t = 50 and 100 nm from Fig. 4 . As in a symmetric graphene system, above the type I hyperbolic region one can find several HSPP modes for the same momentum, k x , for t = 50 nm, exhibiting the mixed group velocities (v g gt; 0 and v g < 0). Such cases are less frequently observed for t = 100 nm and larger t values. As the thickness increases above 100 nm in the hybrid system, the HSPPs highest confinement gradually splits to SPPs and HPPs, moving away from the group velocity sign reversal transition point, see Supplementary Fig. 3s , t. Additional effects are observed when there are two graphene sheets; the linear dispersion behavior observed over a specific energy range is not seen as in the case of single graphene. The variation of the top graphene and bottom graphene chemical potentials offers a great means to break the symmetric nature of the hybridization behavior for thin ferroelectric films. This is opposed to the thick case, where the total effect appears as if the chemical potential was symmetric. Moreover, the degree of confinement of the hybrid mode group velocity sign reversal depends on the thickness and more importantly the value of the chemical potential. Specifically, for double-graphene hyperbolic slabs with asymmetric graphene optical properties, there is a wider potential for regulation of the direction of power flow. This is different from methods implemented previously which feature graphene sheets that are arranged tightly with a period smaller than a critical value 43 or a patterned graphene sheet on a substrate, a graphene/photonic crystal hybrid systems. 44 Spontaneous emission rate In this section, we extend the studies of SE rate for our proposed device. The strength of the SE rate is related to the available hybrid modes and the local density of states. Modulation of the local density of states of hyperbolic materials leads to variation of near-and far-field emission of radiation. We numerically validated the modulation of the SE rate by an impressed dipole via Eq. (9), comparing the results from a thin ferroelectric layer and a graphene-gated ferroelectric layer.
SE rate for graphene-LiNbO 3 -graphene In order to investigate the effect of the graphene on the SE rate, in the Supplementary Discussion with Supplementary Fig. 4 we show the computational results obtained from Eq. (9) for an emitter above the top graphene at a distance d pointing in z direction. We explore the SE rate effects in a double-graphene-integrated system and compared these results with a substrate without graphene and with a single-graphene system, when μ 1 = μ 2 (see Fig. 5 ). For μ 1 = μ 2 = 0.1 eV the peaks show a similar trend for single-layer graphene and without graphene when d = 10 nm for t = 50 nm and t = 200 nm, as shown in Fig. 5a , b. Small peaks are observed in the type II band, and the peaks in type I band vanish. The nature of this peak is from HSPPs than HPPs since a weak hybrid mode exists in this band, as shown in Figs 3 and 4 .
As the chemical potential of both graphene layers is increased to 0.6 eV, the contributions of HSPP modes dominate by flattening the SE rate in the type II band. Distinct SE peak shifts in the type I band are more noticeable in the double-layer graphene system, Fig. 5c, d , than in the single-layer graphene system, presented in Supplementary Fig. 4b, d , when the dipole is located far from the top graphene layer, d = 100 nm. In general, above the type I band there is a trend of SE increasing with μ. For both the single and double-graphene systems, the variation in the SE rate level did not show any significant changes below the type II band. In both single-or double-layer graphene-modulated ferroelectric systems, the SE rate below the type II band is dominated by the properties of graphene. Furthermore, HSPP modes play opposite roles from those of SPPs for SE, i.e., suppressing the SE in the hyperbolic regions and enhancing them outside the hyperbolic region.
In the calculation of the SE rate from in Eq. (9), we have not specified the radiating channeling source. The expression of the SE rate indicates the total decay rate, which is the sum of the radiative decay rate and the nonradiative decay rate. For graphene and other 2D material systems, the total radiation scales as 1/d 4 , 45, 46 and for thin film photonic modes it scales as 1/d 3 . 47 At a small distance, both the plasmonic material (graphene) and the hyperbolic ferroelectric material environment can increase both the radiative and nonradiative SE rates. However, predominant spontaneous decay channels, for an emitter that is placed at a small separation distance, are nonradiative modes due to considerable Ohmic loss, coupling to absorption losses in the graphene sheet 48 and the hyperbolic layer. 49 Therefore, for the total SE rate the two processes are in competition with each other. The complete nonradiative process due to the Joule losses in the hyperbolic slab, caused by the near field, can be calculated using the integral part of Eq. (9) in narrow regions around the poles corresponding to hybrid modes resonances. 21, 50 The effect of the dielectric loss of the hyperbolic ferroelectric in the SE rate, and its corresponding energy at different point dipole and thickness, is further detailed in the Supplementary Discussion with Supplementary Figs 5 and 6.
In this study, systematic analysis of hybrid heterostructure consisting of graphene and ferroelectric film has been conducted in the THz range. The surface plasmon waves formed in graphene affect the local density of states of the bounded hyperbolic band. HPPs can be supported out beyond the two RS band, bounded inside the ferroelectric. Lower-frequency and large-wavevector SPP modes of graphene couple with the lower-band HPP modes, causing the crossing of the LiNbO 3 lower-bound band and increasing the group velocity. These HSPP modes formed in the lower-frequency region do not extend to large wave vectors for high chemical potential. In addition to actively changing the graphene chemical potential, the HSPP modes can also be modulated through the number of graphene layers in the hyperbolic medium. Increasing the number of graphene layers from single to double layers allows more HSPPs inside the effective hyperbolic regions. Moreover, the strong coupling between graphene SPPs and HPPs provides a feasible way to achieve group velocity sign reversal via an ultrathin hyperbolic slab with its thickness down to few hundred nanometers and a finely tuned gate voltage. Such results have been recently reported in graphene-hBN system for mid-infrared spectra. 51, 52 Numerically calculated SE rate of the hyperbolic band contribution of LiNbO 3 compared with that of the graphene-integrated hyperbolic material demonstrates that both enhancement and reduction are achieved. The HSPP modes provide a strong enhancement of SE compared with outside the hyperbolic band of the pure ferroelectric layer and are effective for a radiation source at a small distance. Doubling the graphene layer results in a higher SE rate. In addition, there is a ferroelectric film thickness that can maximize hybridization of HSPPs, and thus the SE rate. Therefore, modulation of radiative near-field and far-field emission via electrostatics can control propagation lengths and hybrid HSPP mode confinement in ultrathin hyperbolic ferroelectric materials; this is advantageous for applications, such as near-field thermophotovoltaic devices and waveguides.
METHODS

Optical properties of graphene and ferroelectric LiNbO 3
The local limit of the 2D complex conductivity of a graphene sheet, within the random phase approximation, is given as
Here, the first and second terms are the intraband and interband contributions, respectively, ω is the angular frequency, k B is Boltzmann constant, T is the temperature, e is the electron charge, τ is a finite relaxation time, and μ c is the chemical potential. 
, where ν 0 is the voltage from natural doping at the Fermi level and α 0 ≈ 9 × 10 16 m −2 V −1 , estimated from a parallel-plate capacitor model. 54 We assume constant temperature, T = 300 K, and constant relaxation time, τ = 10 −13 s, which are also within the range of experimentally attained values. 7 We choose LiNbO 3 as the ferroelectric layer because it has uniaxial anisotropic properties over the low THz range. The dielectric tensor is uniaxial and have opposite signs, which are essential for several applications. 26, 27 The dispersion relations for optical iso-frequency surfaces for the momentum vector and permittivity are k
for TM (p)-and TE (s)-polarized waves, respectively, where ε xx ¼ ε yy ¼ ε jj ≠ ε zz ¼ ε ? . Here, k x , k y , and k z are the x, y, and z components of the wavevector, respectively, ω is the wave frequency, and c is the speed of light. LiNbO 3 supports spherical or elliptic iso-frequency in the TE polarization, and it shows hyperbolicity in the TM case. Using in-plane (ω T0;? and ω L0;? ) and out-of-plane (ω T0;jj and ω L0;jj ) transversal and longitudinal phonon vibrations, the dielectric constant of LiNbO 3 in the THz range can be described by a Lorentz oscillator model as, 30, 55 ε u ¼ ε 1;u À ε o;u À ε 1;u À Á ω 2 TO;u
where u stands for either ⊥ or ||. At room temperature, the dielectric parameters are ε 1;jj = 19.5, ε 0;jj = 41.5, γ jj = 17.0 cm 
in the presence of a dipole emitter oriented in the z direction (perpendicular, P ¼ p zẑ ), where we choose p z = 1C-m above a semiinfinite plane (the three schematics in Fig. 1 is the TM-polarized total reflection coefficient of a given layered medium. The choice of perpendicular orientation in this work is mainly due to the fact that parallel-oriented dipoles lead to SE rates of half the corresponding value for the same perpendicular emitter direction when considering SPs of a single emitter. 60, 61 DATA AVAILABILITY All the data derived from the computational method, computational codes, and calculations of this study are available from the corresponding author upon reasonable request.
